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1. INTRODUCTION 
The purpose of this paper is to show that a homogeneous 
cooperation-diffusion system in a convex domain with no-flux boundary 
conditions has no stable nonconstant equilibrium solution. 
The weakly coupled system 
aui 
at- - OidUj +fi(Ul)...) UJ) 
for i = l,..., J, b, t) E Q x C-4 co 1, XER~ 
(1) 
ai> for i = l,..., J 
is said to be a cooperation-diffusion system if 
afi 
au’O 
for i #j. 
I 
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By homogeneous we mean that the rri are constant and the fi have no 
explicit x dependence. The no-flux boundary condition is 
aui 
z=o for i = l,..., J, (x, 2) E asl x (0, CO 1. (3) 
Systems of the form (1) serve as models for a variety of biological, 
chemical, and other systems. (See, e.g., [24, 6, 8-10, 12, 13, 15, 16, 18, 21, 
231.) For instance, in population ecology, ui may represent the population 
density of the ith species, cri its migration rate, andfi its net growth rate. In 
this case the existence of a stable nonconstant equilibrium solution predicts 
the possibility of spontaneous spatial segregation or pattern formation in a 
homogeneous habitat. (See [ 15,211.) 
If the species are replaced by genotypes, one obtains a model in pop- 
ulation genetics, and the nonconstant steady states are known as clines. 
For the case J= N = 1 of a single equation in one space dimension, 
Chafee [4] showed that there is no stable nonconstant equilibrium 
solution. This result was extended to J= 1, N > 1 by Casten and 
Holland [3] and by Matano [13] under the assumption that Sz is convex. 
Kishimoto [S] showed that when N= 1 or Q is a parallepiped and the 
conditions (2) are valid, any nonhomogeneous equilibrium solution of (1 ), 
(3) is unstable. 
We shall show here that this result is also valid when 52 is any smooth 
bounded convex domain. Because the linearization of (1) is in general not 
self-adjoint when J> 1, we need the maximum principle for weakly coupled 
systems, which requires more smoothness than the variational methods 
used when J= 1. 
A system (1) in which 
asi 
GCO for i#j 
J 
is called a competition-diffusion system. In the classical Lotka-Volterra- 
Gause population dynamics, the growth functions are 
f.(“)=( Pi- i aijuj) ui9 
j=l 
and these satisfy (4) if the constants aY are positive for i # j. 
When J= 2, the change of variables u1 = u,, u2 = -u2 reduces a system 
which satisfies (4) to one which satisfies (2). Thus our result can 
immediately be transferred to two-species competitiondiffusion systems. 
Our result implies that spatial segregation in a cooperation-diffusion 
system or a two-species competition-diffusion system must be caused by a 
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specific mechanism such as cross-diffusion [ 15,211 or nonconvexity or 
nonhomogeneity of the habitat [ 12,211. 
For J> 3 a competitiondiffusion system cannot, in general, be reduced 
to a cooperationdiffusion system. Kishimoto [9] has given examples of 
competition-diffusion, systems with Jb 3 which have stable nonconstant 
equilibrium solutions in convex domains. In fact, competition-diffusion 
systems with more than two species have subtle properties which require 
further study. (See Cl, 10, 14, 171.) 
We are indebted to the referee for calling our attention to recent work of 
Chipot and Hale [S] and of Yanagida [24], which extends Chafee’s result 
for J= N= 1 to the equation with variable diffusion 
c(x)$=$ a(x); +f(u) ( > 
with c > 0, a > 0, when a satisfies an additional hypothesis. The condition 
on a in [S] is a” 60 while Yanagida proves the result under the less 
restrictive assumption (J;;)’ < 0. We shall indicate at the end of this work 
how our result can be generalized to variable diffusion systems in any num- 
ber of dimensions. 
2. THE INSTABILITY RESULT 
We shall write u for the vector with components ui. 
Our result is: 
THEOREM. Let ii be a nonconstant equilibrium solution of (1 ), (3) in a 
convex domain Q with smooth boundary. Suppose that (2) is valid on the 
range of ii. Then ii is unstable. 
Proof We use the following argument of Kishimoto [S] to show that 
the linearized problem 
’ afi 
cTjdpi+ C -((ii)pj=~pj 
j=lauj 
aPi _ o 
v&- 
(5) 
has a real eigenvalue A with an eigenvector p all of whose components are 
positive on a. We need only observe that if y is any constant such that 
for i= l,..., J, XED 
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then the maximum principle for weakly coupled systems [20, 
Theorem 3.151 shows that the operator 
Pi+ -OjApi+Vpi-C~,(Zi)P, 
J 
with the boundary conditions apjan = 0 has a positive compact inverse G. 
By a theorem of Krein and Rutman [ 11, Theorem 6.31 G has a positive 
real eigenvalue p whose eigenvector p has positive components in a. This p 
satisfies the eigenvalue problem (5) with R = y - (l/p). We shall show that if 
ti is not constant, then 1 is positive. 
We define 
M=max 
1 grad Ui 1 
:xE.a, i= l)...) J . 
Pi 
Let this maximum be attained at x = x*, i = k. Then the functions 
I)@, f)=e-Y’[‘gr~.u.‘2-M2pi] 
I 
are nonpositive on 8. 
We see from (1) and (5) that 
If A< 0, the right-hand side is nonpositive. Since 1c/k attains its maximum 
value 0 at (x*, t) for all t B 0, the strong maximum principle and the boun- 
dary point lemma for parabolic equations [20, Theorem 7 of Chapt. 31 
show that either 
or X* E aS2 and 
$x*),0. (8) 
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If I+$~ E 0, the right-hand side of (6) must vanish. The vanishing of the 
last sum implies that ii satisfies the elliptic equation 
divkgrad&)=O. 
Because iik also satisfies the boundary condition (3), it must be a constant. 
The vanishing of the first sum on the right of (6) then implies that for j # k, 
grad iij/pj= grad iik/pk = 0. Therefore, (7) cannot be valid when the 
solution U is not constant. 
On the other hand, the boundary condition &i,/dn = 0 at x* shows that 
the operator grad Uk(x*). grad is a tangential derivative at x*. Therefore 
we can apply it to the boundary condition n * grad & = 0 at the point x* to 
show that 
(We have used the fact that @k/an = 0.) Because D is convex, the right- 
hand side is nonpositive,’ which contradicts (8). 
Thus the assumptions that ii is not constant and that 2 < 0 lead to a con- 
tradiction. We conclude that if U is not constant, 1 is positive. A theorem of 
Henry [7, Theorem 5.1.33 then shows that U is unstable, which proves our 
Theorem. 
We remark that one can generalize the proof of Matano [13] to show 
that ii is, in fact, upward unstable. That is, there are a 6 > 0 and a sequence 
of solutions whose initial values converge uniformly to U while as t + cc 
the solutions all move monotonically upward above U + 6. 
From the change of variables u1 = ul, u2 = -v2 we immediately obtain a 
result for a two-species competition-diffusion system. 
COROLLARY. Let U(x) be a nonconstant equilibrium solution of (l), (3) 
with J= 2 in a smooth bounded convex domain Q. Suppose that (4) is valid 
on the range of ii. Then U is unstable. 
It was observed by Matano [ 131 that his theorem for J= 1 is also valid 
when Q is obtained by rotating a convex subdomain 52, of a k-dimensional 
hyperplane H about a (k - 1 )-dimensional linear subspace of H which does 
not intersect 52,. The same ideas can be used to extend our results to this 
case. 
’ This reasoning was used by L.E. Payne [19] to show that when Q is convex, the boun- 
dary condition &@I = 0 implies that 8 1 grad u (‘/an < 0. The same idea was used by Casten 
and Holland [3] and by Matano [13] in the proof of the case J= 1 of the Theorem. 
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A straightforward generalization of our proof shows that the Theorem is 
still valid for the system 
dU, 
ci(x3 u, dx 
N a 
ZZ 
I[ ( a,p=1 
-jp g”‘(x)gj 
1 
+P(x) b,(x) p$] +h(u) 
for i = l,..., J, (x, t) E Sz x (0, 00) (9) 
with the boundary conditions 
provided ci > 0 and the matrices 
for i = l,..., J are negative semidefinite. Here g@ is the matrix inverse of a 
positive definite metric tensor gaS whose determinant is g, R,, is the Ricci 
tensor of this metric, and the vertical strokes in the subscripts indicate 
covariant differentiation (see, e.g., [22]). The convexity of 52 is to be inter- 
preted with respect to the metric gab. That is, each boundary point of D 
has a neighborhood q such that a geodesic arc which lies in q and begins 
and ends in 52 remains in Q. 
When J= N= 1, g” =a, and b,, =O, this result reduces to that of 
Yanagida [24]. 
Finally, we observe that the strict inequalities (2) can be weakened to 
8S,/8uj> 0 for i#j provided the matrix 8f,/&, is irreducible. That is, for 
each u on the range of ii and each pair of indices (j, k) there is a sequence 
. . 
i, =I, I*,..., i, = k with afiV/auiV+, > 0. 
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